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Production and Logistic management problems Scheduling problem: Min Max Objective Functions
Scheduling problem: Min Max Objective Functions
Data:
n = number of jobs, j = 1, . . . , n;
m = number of machines, i = 1, . . . ,m;
pij = processing time required by job j on machine i
Ci = completion time of machine i ;
Cmax = makespan, defined as maxmi=1 Ci .
Objective:
Assign all jobs to the machines by minimizing the makespan
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Production and Logistic management problems Scheduling problem: Min Max Objective Functions
Scheduling problem: Min Max Objective Functions
Variables:
xij =
{
1 if the job j is assigned to the machine i ;
0 otherwise.
z = max completion time on a machine (Makespan)
min max objective function:
min z
n∑
j=1
pijxij ≤ z, i = 1, . . . ,m
m∑
i=1
xij = 1, j = 1, . . . ,n
xij ∈ {0,1}, i = 1, . . . ,m; j = 1, . . . ,n
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Production and Logistic management problems Lot Sizing Problem
Lot Sizing Problem
Data:
n = number of months, i = 1, . . . , n;
di = demand for month i ;
ci = production cost for month i ;
ri = storage cost for month i ;
s0 = quantity stored at month 0;
M = warehouse capacity.
Objective:
Determine the production plan of a single product for the next n months in
such a way that production and storage costs are minimized.
Variables:
xi = quantity produced in month i ;
si = quantity stored in month i .
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Production and Logistic management problems Lot Sizing Problem
Lot Sizing Problem
The Lot Sizing LP model:
(LS) min
∑
i=1,...,n cixi +
∑
i=1,...,n risi (1)
si ≤ M ∀i = 1, . . . ,n (2)
xi + si−1 − si = di ∀i = 1, . . . ,n (3)
xi , si ≥ 0 ∀i = 1, . . . ,n (4)
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Production and Logistic management problems Fixed Charge Problem: Logical Constraints
Fixed Charge Problem: Logical Constraints
Data:
n = number of different products one can produce, j = 1, . . . , n;
kj = fixed cost (charge) to be paid to start the production of product j ;
cj = production cost for each unit of product j ;
Ax ≥ b = additional linear constraints, production requirements/demands.
Objective:
Determine which kind and how many units for each kind of product have to
be produced to minimize the total cost function (and satisfy production
constraints).
Variables:
xj = quantity produced of product j .
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Production and Logistic management problems Fixed Charge Problem: Logical Constraints
Fixed Charge Problem: Logical Constraints
Objective function for product j :
f (xj) =
{
kj + cjxj if xj > 0
0 if xj = 0
The objective function is nonlinear!
We need additional variables, say yj , j = 1, ...,n, defined as:
yj =
{
1 if xj > 0
0or1 otherwise
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Production and Logistic management problems Fixed Charge Problem: Logical Constraints
Fixed Charge Problem: Logical Constraints
The logical conditions to be implemented are the following:
if xj > 0 then yj = 1
if xj = 0 then yj ∈ {0,1}
The constraints able to model these nonlinear conditions are the
following:
yj ∈ {0,1}
xj ≤ Myj , j = 1, ...,n
where M is a “big enough” and positive constant.
The Resulting MIP model for the Fixed Charge Problem:
min
∑n
j=1 cjxj +
∑n
j=1 kjyj
Ax ≥ b
xj ≤ Myj , j = 1, ...,n
yj ∈ {0,1} j = 1, ...,n
xj ≥ 0, j = 1, ...,n
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The Commercial Mix Problem
Commercial Mix Problem,
Nonlinear objective function:
Data: the available budget for commercials is 150 ML and two type of
commercials are available.
Namely,
Unit Cost for Max number
Type commercials of commercials
Newspaper 1 ML 30
TV 10 ML 15
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The Commercial Mix Problem
Commercial Mix Problem,
Nonlinear objective function:
The following table summarizes the communicative impact of the two
types of commercial:
Number of New people
commercials contacted
newspaper 1 – 10 900
11 – 20 600
21 – 30 300
TV 1 – 5 10,000
6 – 10 5,000
11 – 15 2,000
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The Commercial Mix Problem
Commercial Mix Problem,
Nonlinear objective function:
Objective:
Maximize the number of new people contacted by the commercials.
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The Commercial Mix Problem
Commercial Mix Problem,
Nonlinear objective function:
Variables:
G1,G2,G3 = Number of newspaper commercials on the three ranges
T1,T2,T3 = Number of TV commercials on the three ranges
The Model:
max 900G1 + 600G2 + 300G3 + 10000T1 + 5000T2 + 2000T3
1 · (G1 +G2 +G3) + 10 · (T1 + T2 + T3) ≤ 150
G1,G2,G3 ≤ 10
T1,T2,T3 ≤ 5
G1,G2,G3,T1,T2,T3 ≥ 0 integer
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Problems on Graphs Max Flow Problem
Max Flow Problem
Data:
G(V ,A) = oriented graph;
V = set of nodes (|V | = n);
s, t ∈ V = source and terminal nodes;
A = set of arcs, (|A| = m);
qij > 0 = arc capacity, i, j = 1, . . . , n.
Objective:
Determine the max flow that can be sent from source s to terminal t .
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Problems on Graphs Max Flow Problem
Max Flow Problem
Variables:
xij := flow on arc (i , j);
z := flow quantity.
The MF LP model:
(MF ) z = max z∑
j:(i,j)∈A
xij −
∑
k :(k,i)∈A
xki =
 +z if i = s−z if i = t0 if i ∈ V , i 6= {s, t} (5)
0 ≤ xij ≤ qij , (i , j) ∈ A
Fondamenti di RO (2014-2015) OR Problems and MILP Formulations Part 2 rev 2.2, 10/2014 15 / 21
Problems on Graphs Traveling Salesman Problem
Traveling Salesman Problem
Data:
G(V ,A) = oriented graph, complete;
V = set of nodes, (|V | = n);
A = set of arcs, (|A| = m, (i, j) ∈ A ∀ i, j, i 6= j);
cij = cost of the arc (i, j) ∈ A.
Objective:
Find the minimum cost loop visiting each node once.
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Problems on Graphs Traveling Salesman Problem
Traveling Salesman Problem
Miller-Tucker-Zemlin (MTZ) formulation.
Variables:
xij :=
{
1 if arc (i , j) is in the loop
0 otherwise
ui := visiting order of vertex i in the solution.
Fondamenti di RO (2014-2015) OR Problems and MILP Formulations Part 2 rev 2.2, 10/2014 17 / 21
Problems on Graphs Traveling Salesman Problem
Traveling Salesman Problem
Miller-Tucker-Zemlin (MTZ) formulation.
if xij = 1⇒ uj = ui + 1
if xij = 0 no relation between uj and ui
That means, (nonlinear formulation):
(uj − ui − 1)xij = 0
Which can be linearized in:
uj − ui − 1 + (1− xij)n ≥ 0
Where:
if xij = 1⇒ uj ≥ ui + 1
if xij = 0⇒ uj − ui ≥ −n + 1⇒ Always verified.
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Problems on Graphs Traveling Salesman Problem
Traveling Salesman Problem
The TSP MTZ ILP model:
(TSP −MTZ ) z = min
∑
i∈V
∑
j∈V , j 6=i
cijxij∑
j∈V
xij = 1, i ∈ V∑
j∈V
xji = 1, i ∈ V
u1 = 0,
ui − uj + nxij ≤ n − 1, i , j ∈ V , i 6= j , j > 1
ui ≥ 0, integer , i ∈ V
xij ∈ {0,1}, i , j ∈ V
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Problems on Graphs Vertex Coloring Problem
Vertex Coloring Problem
Data:
G(V ,E) = nonoriented graph;
V = set of nodes, (|V | = n) ;
E = set of edges, (|E | = m).
Objective:
Assign to each node a color
by minimizing the number of colors used
without assigning the same color to nodes sharing an edge.
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Problems on Graphs Vertex Coloring Problem
Vertex Coloring Problem
Variables:
yh :=
{
1 if color h is used
0 otherwise
xih :=
{
1 if color h is assigned to vertex i
0 otherwise
The VCP ILP model:
(VCP) z = min
n∑
h=1
yh
n∑
h=1
xih = 1, i ∈ V
xih + xjh ≤ yh, (i , j) ∈ E ;h = 1, . . . ,n
yh, xih ∈ {0,1}, i ∈ V ;h = 1, . . . ,n
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